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Abstract  
Ansari and Shukla [1] have generalized the notion of α-duals and developed the concept of almost η−duals by using the 
concept of absolutely almost convergence. P Chandra and B.C. Tripathy [8] have introduced the concept of η-duals. We 
have introduced the concept of almost η-duals and determined almost η-duals of some sequence spaces. 
 
Keywords: Almost η-dual, co-space, c-space, l∞space, l ∞(p)-space, -space, (p)-space, -space. Almost α-dual. 
 
INTRODUCTION 
 
     After Lorentz [6] introduced the concept of almost 
convergence. Das, Kuttener and Nanda [3] have developed the 
concept of absolutely almost convergence of sequence space. α 
and β-duals were defined by Kothe-Toeplitz [4] in scalar form which 
was later generalized in operator version [7]. Using the concept of 
almost α-duals developed by Ansari & Shukla [1] and the concept of 
η-duals developed by P. Chandra and B.C. Tripathy [7], we have 
developed and determined the almost η-duals of some sequence 
space in this paper. 
 
Some definitions and Relations  
 
     The idea of the dual sequence spaces was introduced by 
köthe and Toeplitz [4] whose main results concerned with α-duals; 
the α-dual of E ⊂ w [where w is the linear space of all complex 
sequences and E denote a set (ora space) of complex sequences] is 
defined as 
E
α
 = {a = (ak) ∈w : ∑
∞
=1
||
k
kk xa
 < ∞, for all x = (xk) ∈E}. Let 
co, c and l∞ be the Banach spaces of null, convergent and bounded 
sequences x = (xk) respectively with || x ||∞ = ksup  | xk |. Let D 
be the shift operator on l∞ i.e. D(xn) = x n+1. It is proved that the 
α-duals of co, c and l∞, respectively being denoted by , c
α
 and  
which are equal to l1 (where l1 is the space of absolutely 
convergent series) and the almost α-duals of c0, c and l∞ is rlˆ  
which is the space of absolutely almost convergent series. In our 
case, the almost η-duals of co, c and l∞ is  rlˆ (for 0 < r ≤ 1) 
which is the space of r-absolutely almost summable sequences. This 
is a natural extension of r
lˆ
. 
     Again, the Banach limit L [2] is a non negative linear 
functional on l∞ such that L is invariant under the shift operator i.e. 
L (D (x)) = L (x),  x ∈ l∞ and L (e) = 1 where e = (1, 1, 
1, .........). Lorentz [6] has defined a sequence x ∈ l∞ to be almost 
convergent if all the Banach limits of x coincide. Let  denote the set 
of all almost convergent sequences. Lorentz [6] proved that 
cˆ
 {x = (xk) : ∑
=
+
→∞






+
k
i
ink
x
k 01
1limit exists uniformely in n}. Das, 
Kuttener and Nanda [3] have introduced the concept of absolutely 
almost convergent series. 
Let a = ∑
∞
=0i
ia  be an infinite series of complex numbers and  be its 
sequence of partial sums i.e. 
 
xn = a0 + a1 + a2 + .......... + an. 
 
Define 
 
dk, n as 
dk, n = dk, n (x) = ∑
=
++
k
i
inxk 01
1
(k > 0, n ≥ 0). 
By taking d0, n = d0, n (x) = xn – 1 
We then write for k, n ≥ 0 
φk, n = φk, n (a) = dk+1, n – dk, n 
then φ0, n = an 
and φk, n = ∑
=
+
k
i
i
kk 1)1(
1
 an+i (k ≥ 1) 
Then the series a = ∑
∞
=1i
ia  (or the sequence x = (xn)) is said to be 
absolutely almost convergent series, if∑
∞
=
φ
1
,
||
k
nk converges uniformely 
in n. 
     We write 1
ˆl to denote the set of all absolutely almost 
convergent series. 
     Also, the sequence x = (xn) is said to be r-absolutely almost 
summable sequence if ∑
∞
=
φ
1
,
||
k
r
nk  converges uniformely in n (where 0 
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2 
< r ≤ 1). We write rlˆ  to denote the set of all p-absolutely almost 
summable sequence. 
     Using the concept of absolutely almost convergent series. 
Ansari and Shukla [1] has introduced the concept of almost -duals 
as, 
     If E is a set (or a space) of sequences of complex numbers, 
the almost  η−-dual of E is denoted by  and is defined as 
 
= {a = (ak) ∈ w : ∑ ∑
∞
= =
+++1 1
.)1(
1
k
k
i
inin xaikk   
< ∞ , (xk) ∈ E uniformely in n}. 
 
     Using the concept of almost  η−-duals introduced by Ansari & 
Shukla [1] and the concept of η-duals developed by P. Chandra and 
Tripathy [8], we introduced the new concept of almost η-dual. Thus if 
E is a set or (a space) of sequence of complex numbers and 0 < r ≤ 
1; then the almost η-dual of E denoted by 
ηˆE
, is defined as 
ηˆE
 = {a = (ak) : ∑
∞
= +1 )1(
1
k
rr kk
rk
i
inin xia∑
=
++
1
 < ∞,  (xk) ∈ 
E uniformely in n}. 
 
Theorem : 1. The almost -duals of Null, convergent and bounded 
sequence are 
∀=== η
∞
ηη ;ˆˆˆˆ0 rllcc
 0 < r ≤ 1. 
Where 
rlˆ
 = {a = (ak) : 
r
k
k
i
inrr iakk∑ ∑
∞
= =
+
+1 1)1(
1
< ∞, uniformely for 
each n, where 0 < r ≤ 1} 
 
Proof : Since c0 ⊂ c ⊂ l∞ 
⇒ 
ηηη
∞
⊂⊂
ˆ
0
ˆˆ
ccl
. 
Therefore, we show that 
(i) rll ˆ
ˆ
=
η
∞
 
and (ii) It is sufficient to show that rlc
ˆ
ˆ
0 ⊂
η
, so that the theorem is 
complete. 
(i) Let (xk) ∈ l∞ and (ak) ∈ rlˆ  i.e. (ak) be a sequence of 
complex numbers such that ∑ ∑
∞
= =
+
+1 1)1(
1
k
rk
i
inrr aikk < ∞ uniformely in 
n. 
Let yn = ∑
=
n
k
kk xa
1
, dk,n = ∑
=
++
k
i
inyk 01
1
 (k > 0, n ≥ 0) 
and φk, n = )1(
1
+kk ∑
=
++
k
i
inin xai
1
 (k ≥ 1) 
Then, 
∑
∞
=
φ
1
.
||
k
r
nk
 = 
r
k
k
i
inin xakk∑ ∑
∞
= =
+++1 1)1(
1
 
= ∑ ∑
∞
= =
++
+1 1)1(
1
k
rk
i
ininrr xaikk  
≤
∞≤≤
+
i
r
inx
1
||sup
 
∑ ∑
∞
= =
+
+1 1)1(
1
k
rk
i
inrr aikk  
= M
r
 
∑ ∑
∞
= =
+
+1 1)1(
1
k
rk
i
inrr aikk  
(where M = 1
||sup
≥
+ ∞<
i
inx )  
< ∞ for all n. 
Thus, 
∑
∞
=
φ
1
,
||
k
r
nk
 < ∞ for all n. 
Hence (ak) ∈ 
η
∞
ˆl
 
⇒ 
η
∞
⊂
ˆ
ˆ llr
  
conversely, suppose that (ak) be a sequence of complex numbers 
such that (ak) ∈ 
η
∞
ˆl
 but (ak) ∉ rlˆ i.e. ∑ ∑
∞
= =
+
+1 1)1(
1
k
rk
i
inrr aikk = ∞ 
for some n. 
     Define a sequence x = (xk) where xk = sgn ak, for every k, 
Then. (xk) ∈ l∞, putting xn + i = sgn an + i 
We get 
∑ ∑
∞
= =
++
+1 1)1(
1
k
rk
i
ininrr xaikk  
=
r
k
k
i
ininrr aaikk∑ ∑
∞
= =
++
+1 1
sgn
)1|
1
 
= ∑ ∑
∞
= =
+
+1 1
||
)1(
1
k
rk
i
inrr akk = ∞ 
⇒ ∑ ∑
∞
= =
++
+1 1
.
)1(
1
k
rk
i
ininrr xaikk  = ∞ where (xk) ∈ l∞ 
which is a contradiction that (ak) ∈ 
η
∞
ˆl
 
⇒ rll
ˆ
ˆ
⊂η
∞
 
Thus, 
rll ˆ
ˆ
⊂η
∞
. 
(ii)Now, it is sufficient to show that 
rlc ˆ
ˆ
0 ⊂
η
. 
Let (ak) be a sequence of complex numbers such that 
(ak) ∈
ηˆ
0c but (ak) ∉ rlˆ  
i.e. 
r
k
k
i
inrr aikk∑ ∑
∞
= =
++1 1)1(
1
 = ∞ for some n. 
sinc∑ ∑
∞
= =
+
+1 1
.
)1(
1
k
rk
i
inrr aikk  ≤ ∑∑
∞
= =
+
1 1k
rk
i
ina
 = 
r
i
ina∑
∞
=
+
1 





<
+
1)1(kk
i
Q
        
⇒ 
r
i
ina∑
∞
=
+
1
 = ∞, for some n.  
⇒ ∑
∞
=
+
1i
ina
 = ∞, for some n. 
⇒ ∑∑
∞
=
+
∞
=
+ ≤
11
||
i
in
i
in aa  = ∞. 
Define x = (xk) such that xk = 0, . 
= i
a in+sgn
,  
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Then (xk) ∈ c0. But 
∑ ∑
∞
= =
++
+1 1)1(
1
k
rk
i
ininrr xaikk  = 
∑ ∑
∞
= =
=
+1 1
||
)1(
1
k
rk
i
inrr akk . 
= ∑ ∑
∞
= =
+ 





+1 1
||)1(
1
k
rk
i
r
inakk  
= ∑
∞
=












+
−
1 1
11
k
r
kskk  where s
k
 = ∑
=
+
k
i
ina
1
||
 
since ∑
∞
=
+
1
||
i
ina
 diverges therefore, ∑
∞
=1k
k
k
s
 and 
∑
∞
=
+1 1k
k
k
s
 also diverges 
⇒ k
k
s
kk∑
∞
=






+
−
1 1
11
 diverges. 
⇒ ∑
∞
=












+
−
1 1
11
k
r
kskk  diverges. where 0 ≤ r < 1. 
 
Therefore the series 
∑ ∑
∞
= =
++
+1 1)1(
1
k
rk
i
ininrr xaikk = 
∑
∞
=






+
−
1 1
11
k
r
kskk  does not 
converse. 
which is contradiction to the fact that (ak) ∈ 
ηˆ
0c
. 
Therefore, r
lc ˆˆ0 ⊂
η
 
Hence r
lc ˆˆ0 ⊂
η
 
This completes that proof. 
 
ALMOST η-DUALS OF GENERALIZED BOUNDED SEQUENCE 
 
     Let l∞ be the space of bounded complex sequence and    
p = (pk) denote a strically positive numbers. Lascarides and 
Maddox [5] have defined the sequence space. 
l∞ (p) = {x = (xk) : 1
||sup
≥k
p
k
kx
 < ∞} 
     In this section, we have determined almost -dual of 
generalized bounded sequence of scalars. 
 
Theorem : 2. Let pk > 0, for every k, then 
[ ] rlpl ˆ)( ˆ =η∞
 (p), where 
rlˆ
 (p) = 
I
∞
=
∞
= =
+










∞<
+
= ∑ ∑ +
2 1 1
1
in uniformly 
)1(
1
:)(
N k
r
k
i
p
inrrk nNaikk
aa in  
 
Proof : Let a = (ak) ∈ rlˆ  (p) and x = (xk) ∈ l∞ (p) we choose 
an integer N > max 






≥1
||sup,1
k
p
k
kx
 
If sup | xk |pk ≤ 1 
⇒ N > 1 ≥ sup | xk |pk 
but if sup | xk |pk > 1 
⇒ N > 
kp
k
k
x ||sup
1≥  
In both above cases 
||
||sup
∞≤≤
+
+
i
p
in
inx
 < N 
⇒ ||
||sup
∞≤≤
+
i
inx
 < 
inpN +
1
 
⇒ ||
||sup
∞≤≤
+
i
r
inx
 < 
inp
r
N +
 
Then, 
∑
∞
=
φ
1
,
||
k
r
nk = ∑ ∑
∞
= =
+++1 1)1(
1
k
rk
i
inin xaikk  
= ∑ ∑
∞
= =
++
+1 1
.
)1(
1
k
rk
i
ininrr xaikk  
≤ ∑ ∑
∞
= =
+
∞≤≤
+
+1 11 )1(
1||sup
k
rk
i
inrr
i
r
in aikk
x
 
< 
r
k
p
k
i
inrr
inNai
kk∑ ∑
∞
= =
+
+
+1
1
1)1(
1
 
< ∞ uniformely in n. 
Thus ∑
∞
=
φ
1
,
||
k
r
nk
 < ∞ 
⇒a = (ak) ∈ [ ]η∞ ˆ)( pl   
Therefore 
[ ]η
∞
⊂
ˆ)()(ˆ plplr
  
conversely, let a = (ak) ∈ [ ]η∞ ˆ)( pl   but (ak) ∉ )(ˆ plr  
⇒ ∃ an integer N > 1 such that 
r
k
p
k
i
inrr
inNai
kk∑ ∑
∞
= =
+
+
+1
1
1)1(
1
 = ∞ 
choose xk = 
kpN
1
 sqn ak. we have x ∈ l∞(p) but 
∑ ∑
∞
= =
++
+1 1)1(
1
k
rk
i
ininrr xaikk  
= 
r
k
k
i
p
inrr
inNa
kk∑ ∑
∞
= =
+
+
+1 1
1
||
)1(
1
 = ∞ 
which is contradiction that (ak) ∈ [ ]η∞ ˆ)( pl  
Hence 
[ ] )(ˆ)( plpl r⊂η∞
 
Therefore, 
[ ] )(ˆ)( ˆ plpl r=η∞
. 
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